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Abstract
We study global games with strategic substitutes. Specifically, for a class of binary-action, N player games with strategic substitutes, we prove that under commonly known payoff asymmetry,
as incomplete information vanishes, the global games approach selects a unique equilibrium. We
provide a full characterization of this equilibrium profile; players employ switching strategies at different cutoff signals, the order of which is directly determined by payoff asymmetry. We also provide
simple examples that illustrate our result and the connection with dominance solvability. Our work
extends the global game literature, which has thus far been developed for games with strategic complementarities, to new applications in industrial organization, collective action problems, finance, etc.
JEL codes: C72, D82, H41
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Introduction

Global games are games of incomplete information, originally developed as equilibrium selection devices.
Incomplete information comes from a noisy payoff perturbation of a complete information game, such
that when the noise vanishes, we recover the original game. In a global game, each player receives, with
a small amount of noise, a private signal of the value of a payoff’s fundamental. The noise distribution
is common knowledge, so each player’s signal generates beliefs not only about the fundamental but also
about the other players’ beliefs (over the fundamental and beliefs of their rivals and so on). The idea of
this approach is to examine Nash equilibria – of the original complete information game – as a limit of
the equilibria of the payoff-perturbed game.1
More precisely, consider a standard game of complete information with multiple equilibria, in which
the payoffs depend on a parameter that represents a fundamental. Rather than players observing the
true value of the parameter, suppose instead that players observe only a private noisy signal of the
fundamental. This is now a game of incomplete information, the equilibria of which are profiles of
functions that map signals to profiles of actions.2 In particular, by evaluating each Bayesian equilibrium
in the true value of the fundamental, we obtain a set of action profiles. Then, equilibrium selection
through this “perturbed game” is obtained when the limit – as noise vanishes – of this set of action
∗ This paper incorporates material from the unpublished PhD thesis entitled Essays in Global Games by Rodrigo Harrison
(see as well Harrison, 2003). We are especially grateful to Roger Lagunoff and Stephen Morris for valuable discussions
and helpful comments; we thank Muhamet Yildiz and Andrés Musalem for useful suggestions and seminar participants
at Global Games in Ames. Pedro Jara-Moroni acknowledges funding from Complex Engineering Systems Institute, ISCI
(ICM-FIC: P05-004-F, CONICYT: FB0816).
† rodrigo.harrison@uai.cl, Facultad de Ingeniería y Ciencias, Universidad Adolfo Ibañez, Chile.
‡ pedro.jara@usach.cl, Departamento de Economía, Universidad de Santiago de Chile.
1 Global games were first introduced by Carlsson and van Damme (1993) (CvD hereafter) showing that in binary-action,
two-player games, there is a unique equilibrium selected through the iterative elimination of strictly dominated strategies.
This result was generalized by Frankel, Morris, and Pauzner (2003) to games with many players and many actions in the
context of strategic complementarities. For an excellent description and survey of the early literature on global games and
their applications, see Morris and Shin (2003). The global games selection approach has strong experimental support (see,
for instance, Heinemann et al. (2009) and Elbittar et al. (2014)).
2 The existence of Bayesian equilibrium, in the context of global games, has been proven by Hoffmann and Sabarwal
(2019a)
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profiles is a strict subset of the set of equilibria of the original complete information game.3 In time,
global games have become as well a useful methodology for simplifying the analysis of high-order beliefs
in strategic settings. Our interest relates to their equilibrium selection application.
This approach has been proven to be very useful for modeling situations such as bank runs (Goldstein
and Pauzner, 2004, 2005), currency crises (Morris and Shin, 1998), herding behavior (Chamley, 1999),
platform pricing (Jullien and Pavan, 2018) and regime change (Szkup and Trevino, 2015). Nevertheless,
the literature on global games has been developed primarily under the assumption of strategic complementarities (Kim, 1996; Frankel, Morris, and Pauzner, 2003), this is, in situations where the incentive
to choose a higher action is increasing in the actions of the opponents.4
In this paper, we study the application of global games to equilibrium selection in games with strategic substitutes. These are games in which each player’s marginal payoff from increasing her own action
is decreasing in the other players’ actions. It is well known that relative to the case with complementarities, the study of equilibria in environments with strategic substitutes (even beyond the global games
literature) is much more intricate. This paper’s contribution to the literature on global games is to prove
and characterize the unique selection of an equilibrium in this context. Our framework accommodates
several important economic examples, such as the provision of a public good, entry games and commons
problems.
Our setting is based on Frankel, Morris, and Pauzner (2003) (FMP hereafter) where we pass from
strategic complements to strategic substitutes. For tractability, we include two variations: (i) instead
of any countable union of subsets of the [0, 1] interval, the action set is {0, 1}, and (ii) the payoffs in
our setting depend on the number of players that take action 1, whereas in FMP, there is no specific
dependence on strategy profiles, apart from requiring strategic complements. The key insight of the
present paper is to show that if players’ payoffs display a certain commonly known asymmetry, then a
unique equilibrium selection may be obtained in games with strategic substitutes applying global games
ideas. Specifically, we show that as the noise goes to zero, any equilibrium profile of the Bayesian global
game converges to a single profile of switching strategies. In such a profile, each player has a threshold
signal (cutoff point), above which she takes the “higher” action and below which she takes the “lower”
action.5 A very important characteristic of this profile is that each player has a different cutoff point.
Interestingly, the order of these cutoff points is directly determined by payoff asymmetry. A simple
setting, commonly used in economic models, that satisfies our requirement of payoff asymmetry is when
the player’s marginal payoff from increasing her own action takes the form of a common marginal net
payoff minus an idiosyncratic cost (i.e. ∆πi = ∆π − ci ).
To better motivate this work, think of an entry game in which firms first decide whether to enter
or not a market and then if entering they engage in oligopolistic competition. The multiplicity of
equilibria is a natural feature of these games under complete information, which produces an identification
problem in the structural empirical analysis. This problem has been addressed in the empirical industrial
organization literature (Berry and Reiss (2007), Berry (1992), Scott Morton (1999), Bresnahan and Reiss
(1990)), and some solutions have been proposed in the theoretical literature. Espin-Sanchez and Parra
(2018) provide equilibrium selection by adding private information (see footnote 21), and Quint and
Einav (2005) propose a war of attrition in the entry game that has a unique equilibrium outcome.
Generally, payoffs in an entry game are the market equilibrium payoff minus the entry cost if entering
and zero otherwise; thus, if firms differ only in the entry cost, then such a game fits the setting described
at the end of the previous paragraph. Under the standard assumption that market equilibrium payoffs
are decreasing in the number of firms that enter the market, the first-stage entry game becomes one of
strategic substitutes. Thus, by adding “a small amount” of incomplete information on market demand, the
global games approach developed in this paper may then provide a method to select a unique equilibrium
in the entry game, which might be useful for empirical analysis (see Example 2 in Section 4).6
Finally, it is important to note that the equilibrium selection result of FMP is obtained through the
iterative elimination of strictly dominated strategies. We show below that in our context, as is common
3 Our analysis includes the private values case, in which the payoffs might depend directly on the signal rather than on
the fundamental.
4 Recent results include those of Angeletos and Pavan (2013), Basteck et al. (2013), Oury (2013), Frankel (2012), Honda
(2011), Oyama and Takahashi (2011) and Basteck and Daniëls (2011).
5 In any binary-action setting, we can label one action as the “higher” action and the other as the “lower” action
accordingly.
6 A detailed study of this type of games is developed in Harrison and Jara-Moroni (2019).

2

in the strategic substitutes environment, the iterative elimination of strictly dominated strategies may
not provide a unique outcome, so this technique cannot be used to prove unique equilibrium selection
as in the strategic complements literature. In games with strategic complements, dominance solvability
is equivalent to the uniqueness of equilibrium (Milgrom and Roberts, 1990), while games with strategic
substitutes may have a unique equilibrium that is not the unique rationalizable strategy profile (Guesnerie
and Jara-Moroni, 2011; Zimper, 2007).7 Consequently, our method relies on a closely related concept
of elimination of non equilibrium strategies, the result of which is still guaranteed to be the unique
(Bayesian) Nash equilibrium but possibly not the unique rationalizable strategy profile. In this work, we
provide a proof of the unique equilibrium selection using the global games approach applied to a class
of N -player games with strategic substitutes.

1.1

Relation with the literature

Global games with strategic substitutes have not been as thoroughly studied as have global games with
strategic complements. From this literature, we may point to Karp et al. (2007), which studies a game
that presents both strategic complements and strategic substitutes, with an emphasis on the existence of
equilibrium. The difference from our work is that our interest is on unique equilibrium selection under
strategic substitutes. Recently, Hoffmann and Sabarwal (2019b) studied equilibrium selection in global
games with strategic substitutes and/or complements. In a different approach, they use a p-dominant
condition as a selection criterion, which does not necessarily deliver a unique solution over the entire
uncertainty set as our result does. Finally, Morris and Shin (2009) and Harrison and Jara-Moroni (2015)
explore the concept of strong rationality (Guesnerie, 1992) in the context of global games with strategic
substitutes rather than equilibrium selection.8
Our main result allows us to study strategic situations that are not addressed in the previous literature. Below, we provide two examples: the voluntary contribution to the provision of a public good
and entry games in oligopolistic markets. Other situations in which strategic substitutes may naturally
arise are games with negative externalities (polluting and congestion games, commons problems, etc.),
free-riding problems (team work games and public good provision) and imperfect competition (entry
games and Cournot competition).
The remainder of the paper is organized as follows. In Section 2, we motivate through an example.
In Section 3, we present the general framework. In Section 4, we establish our main result and provide
illustrative examples. In Section 5, we discuss the relationship between our result and the question
of dominance solvability, a concept that is directly related to equilibrium uniqueness under strategic
complements (Guesnerie and Jara-Moroni, 2011; Frankel et al., 2003; Milgrom and Roberts, 1990). In
Section 6, we develop the main steps of the proof, but the formal proofs of propositions and lemmas are
relegated to the Appendix. Finally, Section 7 concludes.
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Example: Public Good Provision

Consider the following complete information game: a social planner decides to provide a public good,
which requires contributions from society. The value of the public good depends on the amount of
the social planner’s contribution and the aggregate contribution from society. Society is composed of
N different individuals (players), indexed by i ∈ {1, . . . , N }. Each player i has to decide whether to
contribute (action 1) or not (action 0). However, contribution is costly. Players’ payoffs are equal to the
value of the public good minus the contribution cost.
7 In games with either strategic complements or substitutes, the processes of elimination of non-rationalizable strategy
profiles may be carried out using the best reply function of the game. Starting from the “greatest” and “smallest” strategy
profiles, at each step, one iterates this operator, generating two sequences of strategy profiles such that the rationalizable
set is bounded by the elements of these sequences.
In games of strategic complements, the best reply function is increasing, so these processes stop at fixed points of the
best reply function, which are equilibria. Thus, if the equilibrium is unique, then the game is dominance-solvable. In
contrast, in games of strategic substitutes, the best reply function is decreasing, so these processes stop at fixed points of
the second iterate of the best reply function, which are rationalizable but not necessarily equilibria. Therefore, in games of
strategic substitutes, we may have a unique equilibrium that is not the unique profile that survives the iterative elimination
of strictly dominated strategies.
8 This is global game equilibrium selection through the iterative elimination of strictly dominated strategies.
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1−α α
Specifically, players choose an action ai from the binary set
z , with
 Ai = {1, 0}. Let Y (x, z) = x
0 < α < 1, denote the public good technology, where x ∈ 0, X is the government contribution, and
z is the number of people who decide to contribute. If player i chooses to contribute, then she has to
make an effort (a contribution) c > 0 and receives a utility Y (x, n + 1) − c, where n ∈ {0, . . . , N − 1}
is the number of contributors different from i. However, if the same player chooses not to contribute
(free ride), then she will receive utility Y (x, n). For a given x, we represent this game for two players in
Figure 1.

Player 2
1

0

x1−α 2α − c

x1−α

1
x1−α 2α − c

x1−α − c

Player 1
x1−α − c
Jugador 1
0

0
x1−α

0

Figure 1: The contribution to a public good game for 2 players
For a given n ∈ {0, . . . , N − 1}, let
α

∆πi (x, n) := Y (x, n + 1) − c − Y (x, n) = x1−α ((n + 1) − nα ) − c
be player i’s net payoff from contributing, given that n other players are contributing. Consider the
following equations and their unique solutions k and k̄:
1

∆πi (k, 0) = 0

=⇒

k = c 1−α

and

∆πi k̄, N − 1 = 0


=⇒

k̄ =

c
α
N α − (N − 1)



1
1−α

.

Note that if x < k, then action 0 is strictly dominant for all players, and so, in the unique equilibrium
of the game, nobody contributes; if x > k̄, then action 1 is strictly dominant for all players, and in
the unique equilibrium of the game, everybody contributes. The values k and k̄ define the lower and
upper dominance regions, respectively. Thus, if x > k̄ (x < k), then parameter x is in the upper (lower)
dominance region of the players.
Since ∆πi (x, n) is decreasing in n, this is a game with strategic substitutes: in general, the greater
the other players’ strategy is, the lower player i’s incentive to increase her strategy. Furthermore,
the higher the social planner’s contribution is, the greater a player’s incentive to contribute. Finally,
for intermediate values of x, we have a multiplicity of equilibria, each corresponding to a different
configuration of contributors. In Figure 2, we illustrate the case of two players.
The question of equilibrium selection through global games has been studied by FMP for the case
where the underlying game presents strategic complements. Thus, we may not apply their result to our
example, although it satisfies all other assumptions in FMP (continuity, monotonicity and the existence
of dominance regions). However, we can obtain some insights from the two-player case.
In the two-player case, our public good contribution example fits the CvD framework. Therefore,
we would be tempted to use their result to select equilibrium in this example. However, this is not
possible, as explained in CvD, because the multiple equilibria present when x is not in the dominance
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Player i’s action
(1, 0)
(0, 0)

(1, 1)
(0, 1)

1
0

k

x

k̄

Player 1

Player 2

Figure 2: Dominance regions and equilibria for the two-player case.

regions are not strict equilibria for any other value of x (see Figure 2).9 Following this argument, to
select a unique equilibrium using CvD, we need to slightly modify the model in such a way that for an
open set of values of x, this equilibrium is strict. This naturally occurs if players do not have the same
dominance regions (see Figure 3). One way to achieve this last feature is by introducing some asymmetry
in the payoff structure of the game. In particular, by assuming that players have different contribution
costs, c2 > c1 > 0, we generate different dominance regions for each player, which are determined by the
following values:
ki =

1
ci1−α


k̄i =

and

ci
α
2 −1



1
1−α

i ∈ {1, 2} .

,

Note that k 1 < k 2 and k̄1 < k̄2 . A very important consequence of the introduction of effort asymmetry is
the generation of a subset of values of x, for which
 the profile (1, 0) is the unique equilibrium. Indeed, in
Figure 3, we observe that if x ∈ ] k 1 , k 2 [ ∪ k̄1 , k̄2 , then the unique equilibrium of the game parameterized
on x is (1, 0). Moreover, (1, 0) is the risk-dominant equilibrium. This enables us to apply the CvD global
game equilibrium selection result.
Player i’s action
(1, 0)
(0, 0)

(1, 0)

(1, 0)

(1, 1)

(0, 1)
1
0

k1

k2

k̄1

Player 1

k̄2

x

Player 2

Figure 3: Dominance regions and equilibria in the asymmetric case.
9 Additionally,

in the two-player case, relabeling the action set of the players, we may obtain a game of strategic
complements as is required by FMP, but it is easy to check that by doing this, assumptions A2 and A2’ in FMP are now
violated.
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To do this, as in CvD, we embed the game in an incomplete information game in which each player
observes only a private signal of the real value of x with some noise. Define s∗ as the profile of switching
strategies, in which players 1 and 2 switch from action 0 to action 1 at the cutoff points k 1 and k̄2 ,
respectively:
(
(
0 if x2 < k̄2
0
if
x
<
k
1
1
.
s∗2 (x2 ) =
s∗1 (x1 ) =
1 if x2 > k̄2
1 if x1 > k 1
Figure 4 depicts the structure of profile s∗ : player 1 switches from not contributing to contributing at
k 1 , and player 2 switches at k̄2 .
Player i’s action

(0, 0)

(1, 0)

(1, 1)

1
0

k1

k2

k̄1

Player 1

k̄2

x

Player 2

Figure 4: Global game equilibrium and equilibrium selection: two-player case.
Following CvD, as noise vanishes, the profile s∗ is the unique strategy profile10 of the incomplete
information game just described.11
This illustrative result, in the context of collective action problems, suggests that by exploiting this
intuition of adding a commonly known payoff asymmetry, it is possible to prove a unique selection of
equilibrium in a class of global games with strategic substitutes.

3

General Framework

3.1

Setup

Consider the following general setup for an N -player complete information game. The set of players is
N , and each player i ∈ N has a binary set of actions Ai = {0,1}.12 The game is parameterized by the
exogenous variable x, which takes values in the interval X, X ⊂ R. Player i’s payoff function is


X
ui (ai , a−i , x) = πi ai ,
aj , x ,
j6=i



where πi : {0, 1} × {0, . . . , N − 1} × X, X −→ R is an auxiliary function that depends on other players’
actions through the number of players (other than i) that are choosing action 1. We call this game
gN (x).
Let us define
∆πi (n, x) := πi (1, n, x) − πi (0, n, x)
10 The

profile is unique up to a zero-measure set.
result may be obtained by applying the theorem on page 996 in CvD. Note that now we can also apply Theorem
1 in FMP since with payoff asymmetry, their assumption A2’ is satisfied.
12 We will also refer to a = 0 as the “lower” action and a = 1 as the “higher” action.
i
i
11 This
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as the difference in player i’s payoff when she chooses
1 rather than action 0. We assume that the

 action
payoff structure of the class of games gN (x), x ∈ X, X satisfies the following assumptions:
A1. Strategic Substitutes (SS). Conditional on the value of x, the greater the other players’ action
profile is, the lower player i’s incentive to choose the higher action:
if n > n0 , then ∆πi (n, x) < ∆πi (n0 , x)

∀ x.

A2. Continuity (C). πi (ai , n, x) is a continuous function of x.
A3. Monotonicity (M). The greater the value of the exogenous variable x is, the greater player i’s
incentive to choose the higher action:


∃ c > 0, such that if x, x0 ∈ X, X and x ≥ x0 , then ∆πi (n, x) − ∆πi (n, x0 ) ≥ c (x − x0 ), ∀ n.
A4. Indifference Points (IP). If other players are choosing identical actions, then there exists a value
of x such that player i is indifferent between the two actions:13 for each player i,

∃ k i > X, such that ∆πi (0, k i ) = 0, and ∃ k̄i < X, such that ∆πi N − 1, k̄i = 0.
A5. Payoff Asymmetry (PA). Payoffs are asymmetric in the sense that for every pair of players
i, j ∈ N , either
∆πi (n, x) − ∆πj (n, x) > 0, ∀ n, ∀ x;

or

∆πj (n, x) − ∆πi (n, x) > 0, ∀ n, ∀ x.

An important remark is that assumptions A1 (SS), A3 (M) and A4 (IP) provide sufficient conditions for the existence of dominance regions, in which each action is strictly dominant, i.e., ∀ x < k i ,
∆πi (n, x) < 0 and ∀ x > k̄i , ∆πi (n, x) > 0, ∀ n. Additionally, these same three assumptions plus A2 (C)
allow us to state a more general single crossing property, which will help to characterize the equilibrium
profile:
Lemma 1. Under
A1 (SS) to A4 (IP), for all i ∈ N and for all n ∈ {0, . . . , N − 1}, there exists a unique

ki (n) ∈ X, X that solves ∆πi (n, ki (n)) = 0. Moreover, ∆πi (n, x) < 0, ∀ x < ki (n), and ∆πi (n, x) > 0,
∀ x > ki (n).
Note that A5 (PA) is not required in Lemma 1 because the result of this lemma is satisfied for each
i ∈ N independently.14
From Figure 5, we observe how player i’s payoffs depend on x. From Lemma 1, we know that for
each n, there exists a unique ki (n), such that player i is indifferent between the two actions and that
given n, player i’s best response is to switch from the lower action to the higher action at a unique value
of the signal. Note then that k i = ki (0) and k̄i = ki (N − 1). Given assumption A3 (M), we know that
the net payoff function is monotonic in x, and by assumption A1 (SS), we know that for different n, the
net payoff functions do not intersect one another.
Assumption A5 (PA) induces a complete order in the set N of players. We will say that player j is
“greater” than player i if when both players observe the same value of x and face the same n, player j
has less incentive than i to choose the higher action. That is,
j>i

⇐⇒

∆πi (n, x) − ∆πj (n, x) > 0,

∀ n, ∀ x.15

We may thus write the ordered set of players as N = {1, ..., N }. A simple framework in which A5 (PA)
holds is when ∆πi (n, x) = ∆π(n, x)−ci , where ∆π(n, x) is the same for all i ∈ N , and the values ci are all
different. Note that our public good provision example, presented in Section 2, has this payoff structure.
If in this example there were heterogeneous preferences over the public good, then A5 (PA) could be
violated. For instance, in this setup, if players have different α and the difference in contribution cost
13 Note

that because of A3 (M), these indifference values are unique, and A1 (SS) along with A3 (M) imply that k̄i > ki .
1 could be restated in a more general setting, where payoffs depend on the complete profile of actions and/or
the action sets are not binary, as in FMP.


15 Note that from the compactness of X, X , this implies that ∃ α > 0, such that ∆π (n, x) − ∆π (n, x) > α for all j > i.
i
j
14 Lemma
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Player i’s
net payoff
∆πi (n − 1, x)

∆πi (n, x)

0
ki (n − 1)

ki (n)

ki (n + 1)

x

∆πi (n + 1, x)
Figure 5: Player i’s payoffs’ dependence on x.

is sufficiently small, then A5 (PA) does not hold. For example, consider two players with contribution
costs c2 > c1 > 0 and α2 > α1 . We obtain that for x = 1,
∆π1 (0, 1) − ∆π2 (0, 1) = 1 − c1 − (1 − c2 )
= c2 − c1 > 0
∆π1 (1, 1) − ∆π2 (1, 1) = 2α1 − 1 − c1 − (2α2 − 1 − c2 )
= c2 − c1 − (2α2 − 2α1 ).
Then if c2 − c1 < 2α2 − 2α1 we get
∆π1 (1, 1) − ∆π2 (1, 1) < 0.
Additionally, A5 (PA) implies that if j > i, then kj (n) > ki (n) for every n ∈ {0, . . . , N − 1}.
In particular, k j > k i and k̄j > k̄i .16 In Figure 6, for a three-player case, we can observe a direct
consequence of this assumption: sequentially overlapped dominance regions. Therefore, assumption A5
(PA) provides the necessary asymmetry in the game.
The last important remark regarding the assumptions is contained in the following lemma:
Lemma 2. There exists a value σ0 > 0, such that ∀ σ ∈ (0, σ0 ); if j > i and xj − xi ≤ σ, then
∆πi (n, xi ) − ∆πj (n, xj ) > 0, ∀ n.
From assumption A5 (PA), we know that if two players face the same strategy profile and the same
value of x, then the “greater” player will obtain a lower net payoff. This lemma states that this remains
true even when the players face different values of x, such that their difference is less than σ0 .

3.2

Incomplete Information



We now endow the class of games gN (x), x ∈ X, X with incomplete information in the payoff structure.
Instead of observing the actual value of x, each player observes only a private signal xi , which contains
diffuse information about x.
The signal has the following structure: xi = x + σεi , where σ > 0 is a scale factor, x is drawn from
the real lineaccording
to a continuous density with connected support, the interior of which contains

the interval X, X , and each εi is randomly selected independent of x and independent of εj , j 6= i, on




the interval − 12 , 21 . In this context, signals xi belong to the set X(σ) = X − 21 σ, X + 21 σ . We call
this incomplete information game GN (σ).
16 Without loss of generality, in the analysis, we will assume the case in which k
N < k̄1 , thus excluding the trivial
situations in which kN > k̄1 , i.e., player N ’s lower dominance region does not overlap with player 1’s upper dominance
region.
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Player i’s action

(0, 0, 0)

(1, 1, 1)

1
0

k1

k2

k3

Player 1

k̄1

Player 2

k̄2

k̄3

x

Player 3

Figure 6: Overlapped Dominance Regions: Three-Player Case.

This general noise structure has been used in the global game literature (Frankel et al., 2003; Hoffmann
and Sabarwal, 2019b), and it allows for the conditional distribution of the opponent’s signal to be modeled
in a simple way. Given a player’s own signal, the conditional distribution of an opponent’s signal xj
admits a continuous density fσ and a cdf Fσ with support in the interval [xi − σ, xi + σ]. Moreover, this
literature establishes a significant result: as σ goes to zero, players’ posterior beliefs about the difference
between their own observation and other players’ observations are arbitrarily close; i.e., ∀ ε > 0, there
exists σ̄ > 0, such that for all 0 < σ < σ̄, we have17
1 + ε > Fσ (xi | xj ) + Fσ (xj | xi ) > 1 − ε
To obtain continuity of the cdf Fσ , we assume, following CvD, that the random vector (ε1 , . . . , εN )
admits a continuous density.

3.3

Strategies and Equilibrium

A Bayesian pure strategy for a player i is a function si : X(σ) → Ai , i.e., conditional on receiving a
signal xi , player i takes an action si (xi ) ∈ {0, 1}. A pure strategy profile is denoted s = (s1 , s2 , . . . , sN )
and si ∈ Si , the set of all functions from X(σ) to Ai ; equivalently, we use the usual notation s−i =
(s1 , s2 , . . . , si−1 , si+1 , . . . , sN ) ∈ S−i .
In this incomplete information context, player i’s payoff is characterized by her beliefs about her
opponents’ strategies and about the true value of x (common values). In general, if player i observes a
signal xi and faces a strategy s−i , then her expected payoff from choosing action ai is


Z xi + σ Z
X
2
Πi (ai , s−i , xi ) :=
πi ai ,
sj (xj ) , x dF(σ,−i) (x−i | xi ) dPσ,i (x | xi )
σ
xi − 2

x−i

j6=i

and her expected net gain of choosing action 1 instead of action 0 can be written as
Z
∆Πi (s−i , xi ) :=

σ
xi + 2

σ
xi − 2


Z
∆πi 
x−i


X

sj (xj ) , x dF(σ,−i) (x−i | xi ) dPσ,i (x | xi )

j6=i

where dPσ,i (x | xi ) is the posterior belief over x after receiving the signal xi .
The relevant solution concept in this environment is Bayesian Nash equilibrium, the definition of
which we provide next.
17 When the prior is uniform, this property holds exactly; that is F (x | x ) = 1 − F (x | x ). See details in Lemma 4.1
σ i
σ j
j
i
in CvD, Lemma A2 in FMP or Proposition 2 in Hoffmann and Sabarwal (2019a) and the comments therein.
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Definition 1. A strategy profile se is a Bayesian Nash equilibrium of GN (σ) if for every player i ∈ N ,
we have


Πi sei (xi ) , se−i , xi ≥ Πi ai , se−i , xi
ai ∈ {0, 1} and ∀ xi ∈ X(σ).
We will denote by BNE(GN (σ)) the set of Bayesian Nash equilibria of GN (σ).
It is important to highlight that the incomplete information game GN (σ) inherits the dominance
region structure from the complete information setting. For each player i ∈ N , the dominance regions
in game GN (σ) are obtained using the function
Z
∆Π̃i (n, xi ) :=

σ
xi + 2

σ
xi − 2

∆πi (n, x) dPσ,i (x | xi ) .

(1)

This function represents the expected net gain from choosing action 1 instead of action 0 when there is
certainty that exactly n of the other players taking action 1. Note that in the case of private values,
when payoffs depend directly on the signal, equation (1) becomes ∆Π̃i (n, xi ) = ∆πi (n, xi ), the analysis
of which is included in what follows. Using ∆Π̃i (n, xi ), we define k σi as the unique18 value of the signal
of player i for which the function ∆Π̃i (0, xi ) is equal to zero:
∆Π̃i (0, k σi ) = 0;

(2)

and k̄iσ as the unique18 value of the signal of player i for which the function ∆Π̃i (N − 1, xi ) is equal to
zero

∆Π̃i N − 1, k̄iσ = 0.

(3)

Thus, if xi < k σi , then player i is certain that ∀ s−i ,
∆Πi (s−i , xi ) < ∆Π̃i (0, xi ) < 0,
and thus, the optimal action is 0 regardless of the strategies of her rivals. Analogously, if xi > k̄iσ , player
i is certain that ∀ s−i ,
∆Πi (s−i , xi ) > ∆Π̃i (N − 1, xi ) > 0,
and thus, the optimal action is 1, regardless of the strategies of her rivals.19
More generally, we define for every n ∈ {1, . . . , N − 1} and every player i ∈ N the value kiσ (n) as the
unique solution in xi of
∆Π̃i (n, xi ) = 0.
The existence of kiσ (n) is guaranteed by Lemma 1, and uniqueness, when σ > 0 is small, is guaranteed
by Lemma 2. Clearly, kiσ (0) = k σi , and kiσ (N − 1) = k̄iσ .

4

Main Results

A switching strategy of player i is a Bayesian pure strategy si satisfying the following: ∃ y s.t.
(
0 if xi < y
si (xi ) =
1 if xi > y

(4)

Abusing notation, we write ŝi (·; y) to denote the switching strategy of player i with switching threshold
y.
18 From

Lemma 2, it is unique for σ sufficiently small.
that these “new” dominance regions preserve the order of the complete information dominance regions. That is,
σ
σ
σ
σ
> kσ
N −2 > . . . > k 1 and k̄N −1 > k̄N −2 > . . . > k̄1 .

19 Note

kσ
N −1
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x∗i

Let s∗ be the profile, such that each player is using a switching strategy ŝi (·; x∗i ), where the threshold
solves the following equation:
∆πi (i − 1, x∗i ) = 0.

(5)

In this profile, player i will switch from 0 to 1 at x∗i , where x∗i is the indifference point when she faces a
strategy profile such that all players “lower” than her play action 1 and all “higher” players play action 0.
From Lemma 1, we know that for all i, x∗i = ki (i − 1) not only exists but is also unique. We will prove
that s∗ is the unique limit of equilibrium profiles of GN (σ) as σ goes to 0.
Note that the strategy s∗i is uniquely defined for all xi except x∗i , where the strategy may take either
of the two values. Moreover, s∗i does not depend on the number of players; that is, player i determines
her switching point based only on her position in the set of players and not on how many players interact
with her.20
We now formally state our main results.
Theorem 1. The profile s∗ is the unique equilibrium strategy profile of GN (σ) as σ → 0. More precisely,
if for each σ > 0, sσ ∈ BNE(GN (σ)), then for each player i ∈ N and for almost all xi ∈ X(σ), we have
limσ→0 sσi (x) = s∗i (x).
It is important to emphasize that Theorem 1 not only provides an equilibrium selection result but
also characterizes, for each player, the selected action for each x. This allows us to obtain the selected
equilibrium in the complete information game, given the value x. To do this, note that we only need to
know the player’s order induced by A5 (PA). The following corollary formalizes this statement:


Corollary 1. Consider the class of complete information games gN (x), x ∈ X, X described in Sub

section 3.1, which satisfies assumptions A1-A5. For a given x̃ ∈ X, X , the selected action profile in
the game gN (x̃) is a∗ = (a∗1 , a∗2 , . . . , a∗N ), where, for each i ∈ N ,
(
0 if x̃ < x∗i
∗
ai =
1 if x̃ > x∗i
and x∗i is obtained as in equation (5).
Given that x∗i is strictly increasing in i, then for almost all x, there exists j ∈ N , such that x∗j < x <


thus, for a given x̃ ∈ X, X , there exists ̃ ∈ N , such that the selected action profile a∗ is

x∗j+1 ;


a∗ = a∗1 = 1, a∗2 = 1, . . . , a∗̃ = 1, a∗̃+1 = 0, . . . , a∗N = 0 .

(6)

In profile a∗ , all players i ≤ ̃ choose action 1, and all players i > ̃ choose action 0.
These results allow us to select and characterize a unique equilibrium in a class of games with strategic
substitutes in which multiplicity is a problem, thereby extending the global game literature. For instance,
Theorem 1 generalizes the analysis and conclusion developed in the public good example of Section 2;
now, lower-cost players are represented by a “higher” position in the induced player order (according
to A5 (PA)), and they will switch between the actions at a higher threshold according to equation (5).
Importantly, as we said above, although we require payoff asymmetry, this asymmetry can be arbitrarily
small, allowing us to study the robustness of the symmetrical models.
Strategic substitutes are present in entry games with quantity competition, and a multiplicity of
equilibria might arise naturally in this type of interaction. Consequently, our result might be useful for
the selection of equilibrium in this class of models. Consider the following example.21
20 According to the definition of s∗ in an N -player game, player 1 switches action at k = k (0), and player N does
1
1
so at k̄N = kN (N − 1). Therefore, if we consider a game with N + 1 players, then the switching point of player N is
x∗N = kN (N − 1) 6= k̄N = kN (N ). When we pass from a game with N players to a game with N + 1 players, what changes
are the limits of the upper dominance regions (they are ki (N − 1) in the N -player game and ki (N ) in the N + 1-player
game).
21 Espin-Sanchez and Parra (2018) develop a model of entry games in oligopoly with private information. In this model,
they (i) prove the existence of equilibrium, (ii) provide conditions for uniqueness and (iii) characterize the unique equilibrium. However, their informational structure substantially differs from the global games approach; the signals are
independent.
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Example 2. Consider an entry game in which a number N of firms choose whether to enter a market.
Firms that decide to enter the market face Cournot competition under demand uncertainty.22
Specifically, suppose that each firm i ∈ N = {1, . . . , N } faces an entry cost equal to fi > 0. Call
πiC (n + 1, x) the Cournot equilibrium profits of a firm i that enters the market when other n firms have
also entered, and the demand parameter is x. Thus, firm i’s payoffs are
(
πiC (n + 1, x) − fi if ai = 1
πi (ai , n, x) =
0
if ai = 0
where ai = 1 if firm i enters the market and ai = 0 if she does not. Consequently,
∆πi (n, x) = πiC (n + 1, x) − fi .
As is usual in Cournot games, we assume that the Cournot equilibrium profits decrease with the
number of firms. Additionally, assume that they are increasing and continuous in the parameter x.
Finally, suppose that if x is sufficiently low, then no firm will enter the market, and if it is sufficiently
high, then all N firms will enter. The problem of multiplicity arises for intermediate values of x, at
which different sets of firms may enter the market in equilibrium.
Now, if ∆πi (n, x) = πiC (n + 1, x) − fi satisfies assumption A5 (PA), then this entry game fits our
setting,23 and Theorem 1 can be applied. Therefore, when uncertainty over demand vanishes, the global
game approach selects a unique equilibrium that determines, for each value of x, which firms enter the
market.
For instance, suppose that firms have equal constant marginal costs, c > 0 ∀ i ∈ N , that fi 6= fj ∀
i, j ∈ N and that inverse demand is linear and equal to p = x − Q when positive and equal to 0 otherwise.
In this setting, the m-firm Cournot equilibrium quantity and profits for firm i ∈ N are, respectively,

2
x−c
x−c
C
and
πi (m, x) =
.
qi (m) =
m+1
m+1
We see that ∆πi (n, x) satisfies assumptions A1 to A3 and A5.
To fulfill assumption A4, we may explicitly solve for ki (n) (see Lemma 1):
∆πi (n, ki (n)) = 0
πiC (n


+ 1, ki (n)) − fi = 0
2
ki (n) − c
− fi = 0
n+2
ki (n) = (n + 2)

p

fi + c.

Thus, to ensure the presence of dominance regions, we need to have that for every i ∈ N , ki (0) > X and
ki (N − 1) < X, which translates to
n p o
n
p o
min 2 fi + c > X
max (N + 1) fi + c < X.
i∈N

i∈N

Theorem 1 states that when uncertainty over demand vanishes, the uniquely selected strategy profile
prescribes that firm i will enter if
p
xi > (i + 1) fi + c
and she will not enter if
xi < (i + 1)

p

fi + c.

For a given x, as described in (6), in the selected equilibrium, all firms that have switching points lower
than x enter the market. In this example, firms are ranked according to fi , and in the selected equilibrium,
firms that enter the market are those with lower entry costs.
22 For simplicity, in this example, we do not consider the presence of incumbent firms; however, the example may well be
extended to this case.
23 This would be the case, for instance, if firms had identical production costs and asymmetric entry costs.
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Example 3. Consider now the public good provision example presented in Section 2. Theorem 1 states
that when uncertainty over government contribution vanishes, the uniquely selected strategy profile prescribes that player i will contribute if


ci
α
iα − (i − 1)



ci
α
iα − (i − 1)

xi >

1
 1−α

and she will not contribute if

xi <

1
 1−α

.

In this example, players are ranked according to their contributing cost, ci . The interesting conclusion
to this application is that the equilibrium profile induces an efficient provision of the public good in the
sense that contributions come from the lowest-cost contributors.
As an illustration of Theorem 1, in Figures 7 and 8, we show the equilibria and the global game
equilibrium selection in a three-player case, respectively. Figure 7 depicts the type of equilibria depending
on the value of x and the dominance regions for each player, while in Figure 8, we show the selected
equilibrium profile. The strategy profile in equilibrium shows the higher player switching at the beginning
of her upper dominance region, x∗3 = k 3 . The lower player switches at the end of her lower dominance
region x∗1 = k 1 , and player 2 switches at x∗2 = k2 (1), where k 1 < x∗2 < k 3 .
Player i’s action

(0, 0, 0) (1, 0, 0)

(1, 0, 0) (1, 1, 0)

multiplicity

multiplicity

(1, 1, 0) (1, 1, 1)

1

Player 1
Player 2

0

Player 3
k1

k2

k3

k1 (1)

k2 (1)

k3 (1)

k̄1

k̄2

k̄3

x

Figure 7: Dominance regions and equilibria.

5

Dominance Solvability

As we mention in the introduction, the proof of Theorem 1 is not developed using iterative elimination of
strictly dominated strategies, as is usual in the literature under strategic complements. In this section,
we address by examples why this is not possible and shed some light on how dominance solvability can
be obtained.
Our setting is based on Frankel, Morris, and Pauzner (2003). Our assumption A1 replaces the strategic
complements assumption of FMP with strategic substitutes, and we further consider two variations:
(i) we work with binary-action games, while in FMP, the set of actions is any countable union of
closed intervals and points in the unit interval of R and contains 0 and 1;
(ii) payoff dependence on the other player’s actions is through an aggregate value, while in FMP, there
is no particular specification of payoff dependence on the action profile.
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Player i’s action

1

Player 1
Player 2

0

Player 3
k1

k2

k3

k1 (1)

k2 (1)

k3 (1)

k̄1

k̄2

k̄3

x

Figure 8: Equilibrium Selection: Three-Player Case

Assumptions A2, A3 and A4 are also present in FMP, namely, the continuity of πi , the existence of
upper and lower dominance regions and the strict monotonicity of ∆πi (n, x) on x.
In the FMP framework, they prove that when σ → 0, there is a unique strategy profile that is the
limit of the unique profile that survives the iterative elimination of strictly dominated strategies. In our
framework, this is not possible; that is, this last process of elimination does not – in general – deliver a
unique rationalizable profile when σ → 0, as the following example shows:
Example 4 (from Morris (2009)). In this example, N = {1, 2, 3}, and the net payoff gains of the players
are as follows:
∆π1 (n, x) = 1 − n + x + ξ
∆π2 (n, x) = 1 − n + x
∆π3 (n, x) = 1 − n + x − ξ
for some ξ ∈]0, 41 [ and considering private values. It is direct to check that this example satisfies our
assumptions A1 to A5, and therefore, we may apply Theorem 1. The switching points of the unique
equilibrium are
x∗1 = −1 − ξ

x∗2 = 0

x∗3 = 1 + ξ.

Nevertheless, when σ → 0, both actions are rationalizable when the signals are in the interval ] − 1 +
2ξ, 1 − 2ξ[, and thus, any strategy profile of the form
(
0 if x1 < −1 − ξ
s1 (x1 ) =
1 if −1 − ξ < x1 < −1 + 2ξ or 1 − 2ξ < x1
(
0 if x2 < −1 + 2ξ
s2 (x2 ) =
1 if 1 − 2ξ < x2
(
0 if x2 < −1 + 2ξ or 1 − 2ξ < x2 < 1 + ξ
s3 (x1 ) =
1 if 1 + ξ < x1
survives the iterative elimination of strictly dominated strategies. Note that the value of the strategies is
not specified in the interval ] − 1 + 2ξ, 1 − 2ξ[, and thus, they may take any value (0 or 1).
However, it is possible to provide a condition that ensures that the uniquely selected equilibrium is
also the only rationalizable outcome. In this example, if we allow for ξ to be greater than 21 , then the
interval ] − 1 + 2ξ, 1 − 2ξ[ will be empty, and thus, the only remaining strategy profile will be s∗ .
This type of result has been obtained in Harrison and Jara-Moroni (2015). We reproduce the main
result in Example 5.
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Example 5. In this example, N = {1, 2, 3}, and the net gain of player i is
∆πi (n, x) =

d
(2 − n) + mx − ci
2

where m > 0, d > 0 represents the degree of strategic substitution, and ci may be interpreted as player
i’s specific cost, considering private values. Clearly, this setting satisfies assumptions A1 to A4, and if
0 < c1 < c2 < c3 , then it also satisfies A5. Thus, we may apply Theorem 1, which provides the following
switching points:
x∗1 =

c1 − d
m

x∗2 =

c2 −
m

d
2

x∗3 =

c3
.
m

In this context, Harrison and Jara-Moroni (2015) prove that if c3 − c1 > d2 , then for σ sufficiently small,
the profile s∗ is the unique profile that survives the iterative elimination of strictly dominated strategies.
That is, for a given degree of substitution (d), if players’ costs are sufficiently different, then we may
obtain dominance solvability for sufficiently small σ.
Examples 4 and 5 lead us to think that sufficient asymmetry among players’ payoffs may play an
important role in obtaining dominance solvability in global games with strategic substitutes.

6

Proof of the Theorem

In this section, we develop the proof of the theorem stated in Section 4. We will argue that the profile
s∗ is the limit when σ → 0 of an equilibrium profile sσ . We prove that the equilibrium profile sσ is in
fact the unique equilibrium of GN (σ) for σ sufficiently small.
To do so, we introduce a particular process of iterated deletion of non-equilibrium strategies. The sets
of surviving strategy profiles are not the standard undominated sets used to define iteratively undominated strategies. Instead, these sets are defined by an alternative process that eliminates profiles that
are not part of any equilibrium.24 These strategies are strictly dominated when we restrict ourselves to
consider some subset of other players’ strategies that are “potentially” part of some equilibrium profile.
We call these sets iteratively restricted undominated sets.25 We will prove that sσ is in fact an equilibrium
of GN (σ) and that this process does not rule out any Bayesian Nash equilibria. We then proceed to
show that under our assumptions, sσ is the unique strategy profile surviving the iterated deletion when
σ is small.
We begin by defining sσ . Consider for each i ∈ N the function ∆Π̃i (n, xi ) defined in (1), and let xσi
be the unique26 value of the signal of player i for which the function ∆Π̃i (i − 1, xi ) is equal to zero; that
is,27
∆Π̃i (i − 1, xσi ) = 0.
Define now the strategy profile sσ , where each player i ∈ N uses a switching strategy on xσi ; that is,
sσi (xi ) = ŝi (xi ; xσi ) .


Note that xσi ∈ x∗i − σ2 , x∗i + σ2 , and hence, as σ → 0, the profile sσ converges pointwise to s∗ . That is,
for each player i ∈ N and for almost all xi ∈ X(σ), we have limσ→0 sσi (xi ) = s∗i (xi ).
The first lemma states that the strategy profile sσ is in fact a Bayesian Nash equilibrium of GN (σ).
Lemma 3. For σ > 0 sufficiently small, sσ ∈ BNE(GN (σ)).
This is clear since if the signal of player i is below the threshold xσi − σ and her rivals play sσ−i , then
she sees at most i − 1 players playing action 1. Therefore, by the definition of xσi , the optimal action is
24 Note

that this is not a new solution concept but a method to discard non-equilibrium strategy profiles.
we will see below, the elimination proceeds upon players receiving the signal. Then, formally, these sets contain
strategies that are interim strictly undominated.
26 From Lemma 2, it is unique for σ sufficiently small.
27 Note that xσ = k σ and xσ = k̄ σ .
1
1
N
N
25 As
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0. Analogously, if the signal of player i is greater than xσi + σ, then the optimal action is 1. The proof
of Lemma 3 is relegated to the Appendix.
To define the process of elimination, we first need to introduce some concepts and notation. We
proceed by defining the concept of parameterized strategy set, the concept of parameterized mutually best
response strategy profiles set and the notion of extremal profiles.


Definition 2 (parameterized strategy set). For each player i ∈ N and a number z ∈ k σi , k̄iσ , define
the parameterized (on z) strategy set of player i, Si (z), as follows:


Si (z) := si ∈ Si : si (xi ) = 0 if xi < min {z, xσi } and si (xi ) = 1 if xi ∈ (xσi , z) ∪ k̄iσ , X + σ
All strategies in Si (z) prescribe action 0 for signals less than the minimum between z and xσi and
σ
prescribe action 1 for signals in player
 i’s upper dominance region and for signals in the interval (xi , z),
σ
if not empty. In the interval z, k̄i , the strategies in Si (z) may take any value (see Figure 9). That is,
Si (z) is the set of strategies that respect the dominance regions and match sσi at xi ≤ z. The sets Si (z)
are well defined when σ is small.
Player i’s action
1

0
k σi

z

xσi
Case z <

k̄iσ

xi

k̄iσ

xi

xσi

Player i’s action
1

0
k σi

xσi

z

Case z ≥ xσi
Figure 9: The set Si (z).

To define the parameterized mutually best response strategy profiles set, we need to consider, for each
i ∈ N , player i’s best response correspondence BRi : S−i ⇒ Si :
BRi (s−i ) := {si ∈ Si : Πi (si (xi ) , s−i , xi ) ≥ Πi (ai , s−i , xi ) ∀ xi ∈ X(σ)

∀ ai ∈ Ai }.

Definition 3 (parameterized
 best response strategy profiles set). For each player i ∈ N and a
Q mutually
tuple of signal values x ∈ j k σj , k̄jσ , define the parameterized (on x) mutually best response strategy
profiles set of the rivals of player i, S−i (x), as follows:




Y
S−i (x) := s−i ∈
Sj (xj ) : ∃ si ∈ Si (xi ) such that sj ∈ BRj (s−j ) ∀ j 6= i


j6=i

For a given player i ∈ N , the set S−i (x) is the set of strategy profiles of all other players (i.e., excluding
player i) that consist of strategies that are mutually best responses, for some strategy si ∈ Si (xi ) of player
i.
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Now, we turn to the concept of extremal profiles. In general, for player i ∈ N , given a set M−i ⊆ S−i
of strategy profiles of player i’s rivals, we may define two types of extremal profiles. The set M −i ⊆ M−i
contains the strategy profiles of the rivals of player i, which give player i the greatest incentive to play
action 1 at every xi , while the set M −i ⊆ M−i contains the strategy profiles of the rivals of player i,
which give player i the least incentive to play action 1 at every xi . It is important to note that extremal
profiles are determined by the set M−i . More formally, we have the following:
Definition 4 (Extremal Profiles). For each player i ∈ N and a set M−i ⊆ S−i , we define the sets of
upper extremal profiles, M −i , and lower extremal profiles, M −i , faced by player i associated with M−i
as follows:
\
M −i :=
argmax ∆Πi (s−i , xi )
s−i ∈M−i
xi ∈[X,X ]
\
M −i :=
argmin ∆Πi (s−i , xi ) .
s−i ∈M−i
xi ∈[X,X ]
Before continuing, it is important to devote time to provide some insights about this definition. First,
given xi and a strategy profile s−i of the rivals of i, the value of ∆Πi (s−i , xi ) depends on the values of s−i
in a σ-neighborhood of xi . Thus, the optimal strategy profiles that participate in the intersections of the
definitions of M −i and M −i are determined up to a σ-neighborhood of xi . Outside this σ-neighborhood
of xi , the strategies may take any value since the value of ∆Πi (s−i , xi ) is not affected. Second, in general,
we cannot assure that the sets M −i and M −i are nonempty. However, as we will see below, we will apply
the concept of Extremal Profile to sets of strategy profiles whose components are strategies that belong
to parameterized strategy sets (Definition 2). The elements of these sets are strategies of a player j 6= i
that take the same value on each xj , except when xj is in a certain interval I(z), in which the strategies
may take any of the two values (see Figure 9). We interpret that player i is certain about the play
 of
player j if xj ∈
/ I(z) and is uncertain of the play of j if xj ∈ I(z). Note that for a given xi ∈ X, X , the
extremal strategy of every rival of player i for which she is uncertain about their play will take the same
value in the uncertainty region of the σ-neighborhood of xi (that is, in the extremal profile, every
 rival
plays 0 – in M −i – or every rival plays 1 – in M −i ). Moreover, as long as there exists an xi ∈ X, X
such that player i is uncertain about all her rivals play in M−i in a neighborhood of xi , the intersection
is unique, and thus, the extremal profiles
 arewell defined.
Note that ∀ s−i ∈ M−i and ∀ xi ∈ X, X , we have
∆Πi (s̄−i , xi ) ≥ ∆Πi (s−i , xi ) ≥ ∆Πi s−i , xi



with s̄−i ∈ M −i and s−i ∈ M −i .

In other words, if player i, upon receiving a signal xi and assuming that her opponents are using the
strategy profile s̄−i (s−i ), chooses action 0 (resp. 1), then she will choose action 0 (resp. 1) for all
s−i ∈ M−i . In the proof of our result, we rely on A1 (strategic substitutes) to characterize these
extremal profiles.
In the next section, making use of the previously defined concepts, we describe the process of iterated
elimination of strategies.

6.1

Iterated Elimination of Non-Equilibrium Strategies

We now define the process of Iterative Elimination of Non-Equilibrium Strategies (IENES). Since we
have the dominance regions, given σ > 0, we know that in any reasonable strategy player i plays 0 when
the signal is below k σi and plays 1 if the signal is above k̄iσ , where k σi and k̄iσ are defined in equations
(2) and (3), respectively. Thus, without loss of generality, for each player i, the initial set of restricted
undominated strategies is
Si0 : = Si (k σi )

= si ∈ Si : si (xi ) = 0 for all xi < k σi and si (xi ) = 1 for all xi > k̄iσ
and S 0 := ×j∈N Sj0 .
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At each step of the process, we “extend” 28 – to the right – the lower dominance region of each player
i, considering only the remaining set of mutually best response profiles of the rivals of the player. To
extend the upper limit of the lower dominance region, by strategic substitutes, we consider the “worstcase scenario”, which is formalized in our definition of extremal profiles (Definition 4), to optimally
choose the action under scrutiny. That is, if we want to extend the dominance region by choosing a zero,
then the worst-case scenario prescribes to consider the rivals’ profile – of mutually best response – that
minimizes the possibility of choosing action zero, namely, the upper extremal profile (see equation (8)
below). Then, if this action is chosen, it would be chosen under any other rivals’ mutually best response
profile. Similarly, for action one, we use the lower extremal profile (see equation (9) below).
At each step t ∈ {1, 2, 3, . . .}, the set of restricted undominated strategies is defined as

(7)
Sit := Si xti
σ
0
and S t := ×j∈N Sjt , where for each player i ∈ N , {xti }∞
t=0 is a sequence of signals such that xi = k i , and
29
for t ∈ {1, 2, 3, . . .}, each element of the sequence is calculated as follows:

< xσi , then
• If xt−1
i
xti := min{xi : ∆Πi (s̄−i , xi ) = 0},


with s̄−i ∈ S −i xt−1 .

(8)

• If xt−1
≥ xσi , then
i

xti := min{xi : xi > xσi and ∆Πi s−i , xi = 0},


with s−i ∈ S −i xt−1 .

(9)

Each element of the sequence represents the minimum signal among which player i is indifferent between

the two actions but only considering strategy profiles of her opponents that belong to the set S−i xt−1 ,

that is, considering only the strategy profiles that for some strategy si ∈ Sit−1 = Si xt−1
, consist of
i
strategies that are mutually best responses (excluding player i). Following the convention in the literature
on optimization, if there is no solution to problem (8), then we set xti = xσi , and if there is no solution
to problem (9), then we set xti = k̄iσ .
t−1
t
It is direct
to verify that {xti }∞
and that S−i (xt ) ⊆
t=0 is a nondecreasing sequence and, thus, Si ⊆ Si

t−1
S−i x
.
We can now define the process of IENES.
T∞
Definition 5. We will say that a strategy si survives IENES if si ∈ t=0 Sit .
In Figures 10 and 11, we illustrate the structure of the strategies that survive t ∈ {1, 2, 3, . . .} steps
of the process of IENES for the three-player case. Given xti , every strategy in Sit prescribes action 0 for
signals less than the minimum between xti and xσi and prescribes action 1 for signals in player i’s upper
dominance region and for signals in the interval (xσi , xti ) (if not empty). Figure 10 depicts the case in
which xt2 < xσ2 , and Figure 11 depicts the case in which xt2 ≥ xσ2 .
28 Strictly speaking, we are not extending the dominance region but enlarging the set of signals under which just one
action is selected.
29 We need two different ways of calculating the sequence depending on in which part of the elimination process we are.
We want to isolate the switching strategy sσ
i so extreme profiles are different whether we want to show that the selected
action is 1 or 0.
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Player i’s action

1

0

kσ
1

xt1 xt2

xσ
2

xt3

Player 1

Player 2

k̄1σ

k̄2σ

k̄3σ

x

k̄1σ

k̄2σ

k̄3σ

x

Player 3

Figure 10: Case xt2 < xσ2

Player i’s action

1

0

xσ
2

kσ
1
Player 1

xt1 xt2

Player 2

xt3

Player 3

Figure 11: Case xt2 ≥ xσ2

6.2

Proof

We now proceed with the proof of the theorem, stating Lemma 4 and Proposition 1, the proofs of which
are relegated to the Appendix.
First, Lemma 4 establishes a very natural and intuitive property: the process of IENES described
above does not rule out any Bayesian Nash equilibrium of GN (σ) .
Lemma 4. ∀ t ∈ {0, 1, 2, 3, . . .}, BNE(GN (σ)) ⊆ S t .
This is clear since
 for every player i, all equilibrium strategy profiles of her rivals belong, by definition,
to the set S−i x0 , and thus, equilibrium profiles are not eliminated in the first round. For the same
reason, they are never eliminated.
Lemmata 3 and 4 imply that sσ ∈ S t ∀ t ∈ {0, 1, 2, 3, . . .} and, therefore, survives the process of
IENES.
Proposition 1. For σ > 0 sufficiently small, the profile sσ is the only strategy profile that survives the
process of IENES.
Since Lemma 3 states that sσ is an equilibrium and Lemma 4 states that all equilibria survive the
process of IENES, Proposition 1 closes the proof of the Theorem.
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Conclusions

The global game approach has been proven to be a simple method that is rich enough to capture the
important role of higher-order beliefs in economic settings. Under general payoff structures, this approach
examines Nash equilibria as a limit of the equilibria of payoff-perturbed games. Originally, CvD showed
that in binary-action, two-player games, there exists a unique equilibrium profile that survives iterated
deletion of strictly dominated strategies. Later, this result was generalized by FMP to many players
and actions, but the analysis was limited to games with strategic complementarities. Under strategic
substitutes and/or complements, Hoffmann and Sabarwal (2019b) provide a sufficient condition on action
profiles for equilibrium selection using the notion of p-dominance.
Continuing with this line of research, we extend the literature by proving an equilibrium selection
result for a class of global games with strategic substitutes. Assuming a certain commonly known
asymmetry in players’ payoffs, we prove that for a general class of binary-action, N -player games, each
such game has a unique equilibrium strategy profile selected as the noise goes to 0. Furthermore, we
characterize this unique equilibrium. In this profile, each player uses a nondecreasing switching strategy,
each with a different cutoff signal. Notably, the set of cutoff signals has an order, which is directly
determined by payoff asymmetry.
This result might allow us to analyze a wide class of games with strategic substitutes such as collective
action problems, entry-exit models in industrial organization, investment decisions in portfolio choice
models and hiring labor decisions in standard production economies (Veldkamp, 2011). In particular,
we might apply the result to a model of public good provision such as that described in the example in
Section 2. The interesting conclusion for this application is that the equilibrium profile induces an efficient
provision of the public good in the sense that the contributions come from the lowest-cost contributors.
Additionally, we provided an application in the context of entry games under Cournot competition, in
which the firms that enter the market in the selected equilibrium are those with lower entry costs. In
general, the result provides a useful tool for applications, and depending on the specific payoff structure
of the game, the selected equilibrium profile might present interesting properties. Therefore, as we have
shown, our result suggests that global game structure and common knowledge of payoff asymmetry
among players are sufficient conditions to select and characterize a unique equilibrium.
Regarding the question of dominance solvability and in light of the examples provided in Section 5,
our result is in line with the literature on expectational coordination. Following Guesnerie (1992), an
equilibrium is strongly rational if it is the unique rationalizable strategy profile. Under complete information, it is well known that expectational coordination (the presence of a strongly rational equilibrium) is
linked to the uniqueness of equilibrium under strategic complements but that uniqueness is not sufficient
for expectational coordination under strategic substitutes (Milgrom and Roberts, 1990; Guesnerie, 2005;
Guesnerie and Jara-Moroni, 2011). This is analogous to what we obtain in our global games framework.
When passing from strategic complements to substitutes under incomplete information, the uniqueness
of Bayesian equilibrium is uncoupled from strongly rational equilibrium. However, as shown in Example
5, Harrison and Jara-Moroni (2015) identify further requirements for the primitives of the model that
indeed enhance the predictive power for the unique equilibrium in the world of strategic substitutes.
Further research should be devoted to the study of dominance solvability in global games with strategic
substitutes.

A

Proofs of Lemmata

To ease the exposition, we now repeat the formal statements of Lemmata 1 to 4 before each of their
proofs.
Lemma 1. Under
A1 (SS) to A4 (IP), for all i ∈ N and for all n ∈ {0, . . . , N − 1}, there exists a unique

ki (n) ∈ X, X that solves ∆πi (n, ki (n)) = 0. Moreover, ∆πi (n, x) < 0, ∀ x < ki (n), and ∆πi (n, x) > 0,
∀ x > ki (n).
Proof. For any n, from assumption A3 (monotonicity of ∆πi (n, ·)), if there exists a solution to ∆πi (n, ·) =
0, then it is unique. Furthermore, by assumptions A1 (SS) and A4 (IP), we have that for any 0 < n <
N − 1,


∆πi n, k̄i > ∆πi N − 1, k̄i = 0.
∆πi (n, k i ) < ∆πi (0, k i ) = 0
20

Thus, assumption A2 (C) provides the existence of a point x̃ ∈]k i , k̄i [ such that ∆πi (n, x̃) = 0. Clearly,
x̃ = ki (n).
Again, assumption A3 (M) implies that if x < ki (n), then
∆πi (n, x) < ∆πi (n, ki (n)) = 0,
and if x > ki (n), then
∆πi (n, x) > ∆πi (n, ki (n)) = 0.

Lemma 2. There exists a value σ0 > 0, such that ∀ σ ∈ (0, σ0 ); if j > i and xj − xi ≤ σ, then
∆πi (n, xi ) − ∆πj (n, xj ) > 0 ∀ n.
Proof. From assumption A5 (PA), we know that there exists an order of players {1, . . . , N } and a number
α > 0 such that if j > i, then ∆πi (n, x) − ∆πj (n, x) > α for any n and any x.30 Hence, from A3 (M), if
xj − xi < 0, monotonicity implies that ∆πi (n, xi ) − ∆πj (n, xj ) > α.


Moreover, from the continuity of ∆πi (n, ·) and compactness of X, X̄ , we know that there exists for
each j > i and n ∈ {0, . . . , N − 1} a number σjin > 0, such that if xj − xi ≤ σjin , then ∆πi (n, xi ) −
∆πj (n, xj ) > α. Let
σ0 ≡ min {σjin : j > i, n ∈ {0, . . . , N − 1}} .

(10)

Clearly, since the set {jin : j > i, n ∈ {0, . . . , N − 1}} is finite, σ0 > 0. Then, if xj − xi ≤ σ0 , we have
∆πi (n, xi ) − ∆πj (n, xj ) > α > 0 for all n and any j > i.

Lemma 3. For σ > 0 sufficiently small, sσ ∈ BNE(GN (σ)).
Proof. Define σi as the distance between player i’s switching point in s∗i , x∗i = ki (i − 1), and the value
ki+1 (i − 1). That is,
σi := ki+1 (i − 1) − ki (i − 1) .
Now, define σ̂ as the minimum among all the σi :
σ̂ := min {σi } .
i∈N


σ
σ
Consider σ < σ̂, and take a player
i
∈
N
.
We
have
to
prove
that
if
x
<
x
,
then
∆Π
s
,
x
≤ 0,
i
i
i
i
−i

σ
σ
and if xi > xi , then ∆Πi s−i , xi ≥ 0.
We will study three separate cases: xi < xσi − σ, xi > xσi + σ and finally xi ∈ [xσi − σ, xσi + σ].
• For xi < xσi − σ, take a player j < i, and consider the interval ]xσj − σ, xσj+1 − σ].
If xσj + σ ≤ xi ≤ xσj+1 − σ, then player i knows that the number of players that are playing action
1 is exactly j (all players less than or equal to j are playing 1, and every player greater than or
equal to j + 1, except i, is playing 0). Thus,


X
∆πi 
sσl (xl ) , x = ∆πi (j, x)
l6=i

if x−i is in the support of dF(σ,−i) (· | xi ) and x is in the support of dPσ,i (· | xi ). Moreover, since
xi ≤ xσj+1 − σ ≤ kj+1 (j) − σ2 , then from A5 (PA), xi ≤ ki (j) − σ2 , and hence,
∆πi (j, x) < 0
30 See



∀ x ∈ xi − σ2 , xi + σ2 .

footnote 15.
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Thus,
∆Πi sσ−i , xi =


Z

σ
xi + 2


Z

σ
xi − 2

∆πi 
x−i


X

sσj (xj ) , x dF(σ,−i) (x−i | xi ) dPσ,i (x | xi ) < 0.

j6=i

If xσj − σ < xi ≤ xσj + σ, then there is a positive probability of player j playing action 0 instead of

1 (all the other players’ actions remain constant). Therefore, ∆Πi sσ−i , xi is a weighted average
between ∆πi (j − 1, x) and ∆πi (j, x). However, since
σ < kj+1 (j − 1) − kj (j − 1) ≤ ki (j − 1) − kj (j − 1)
we know that


∀ x ∈ xi − σ2 , xi + σ2 .

∆πi (j − 1, x) < 0
We conclude that in this case, we also have


∆Πi sσ−i , xi < 0.
We illustrate this analysis in Figure 12.
Player i’s
net payoff

0

∆πi (j − 1, x)

xσj − σ

xσj + σ
xσj

∆πi (j, x)
xσj+1 − σ
xσj+1

ki (j − 1)

∆Πi sσ−i , xi

ki (j)

xi



Figure 12: Optimal action against sσ−i as a function of xi , for xi < xσi .


In summary, for any j < i, we have that for all xi ∈]xσj − σ, xσj+1 − σ], ∆Πi sσ−i , xi < 0, and hence,

for all xi < xσi − σ, ∆Πi sσ−i , xi < 0.

• For xi > xσi + σ, with analogous arguments, we may prove that ∆Πi sσ−i , xi > 0.
• Finally, note that if xi ∈ [xσi − σ, xσi + σ], then we have

∆Πi sσ−i , xi = ∆Π̃i (i − 1, xi ) .
Thus, strategy sσi is a best response to sσ−i .

Lemma 4. ∀ t ∈ {0, 1, 2, 3, . . .}, BNE(GN (σ)) ⊆ S t .
Proof. Let se ∈ BNE(GN (σ)).
It is direct to see that se ∈ S 0 .
For t ∈ {1, 2, 3, . . .}, let us suppose that se ∈ S t−1 . Then, since it is an equilibrium, we have ∀ i ∈ N ,
e
s−i ∈ S−i xt−1 .
Consider
a player i ∈ N . The strategies in Si (xti ) prescribe the same action as the strategies in

t−1
Si xi
for all xi < xt−1
and all xi > k̄i + σ2 . The only discrepancies may appear in the interval
i
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, xti . Now, the actions prescribed by strategies in Si (xti ) in this interval are best reply actions, even
xt−1
i
to the worst-case scenarios in S−i xt−1 . Since se−i ∈ S−i xt−1 and the action prescribed by sei in this
interval is a best reply to se−i , it must be that prescribed by the set Si (xti ). Thus, sei ∈ Si (xti ).
Hence, it must be the case that se ∈ S t .


B

Proof of Proposition 1

To prove this proposition, we will prove that for all i ∈ N , limt→∞ xti = k̄iσ . Indeed, if this is the case,
then for i ∈ N \ {N }, any strategy si ∈ Sit for sufficiently large t has the form
(
0 if xi < xσi
si (xi ) =
1 if xσi < xi < xti or k̄iσ < xi
and in the limit when t → ∞, the only strategy that satisfies this is sσi . Moreover, we will show that the
limit is attained in a finite t; thus, for player i = N , we have that once every other player has reached
the upper dominance region in a certain t0 , then for xN > xσN −1 + σ2 , the only best reply is 0 if xN < xσN
and 1 if xN > xσN . Thus, in t0 + 1, the only remaining strategy for player N in the process
of IENES is
T∞
sσN (see footnote 27 on page 15). Thus, for every player i ∈ N , the only strategy in t=0 Sit is sσi .
We prove Proposition 1 by induction on the number of players. We begin then by proving that it is
true for the game G{1,2} (σ).

B.1

The two-player case

Before commencing the proof, let us state some useful remarks.
∞
∞
In the two-player case, we have two nondecreasing sequences {xt1 }t=0 and {xt2 }t=0 that by construction
σ
σ
are bounded from above by k̄1 and k̄2 , respectively. The extremal profiles faced by a player are just
strategies of her rival, and thus, we call them extremal strategies.
Regarding the sets Si (xti ), we know that for all t ≥ 0, xt1 ≥ k σ1 = xσ1 , and thus, the update of the
sequence for player 1 is governed by equation (9), and the set S1 (xt1 ) has the following structure:
 
S1 xt1 = s1 ∈ S1 : s1 (x1 ) = 0 if x1 < k σ1 and s1 (x1 ) = 1 if x1 ∈ (k σ1 , xt1 ) ∪ (k̄1σ , X + σ) .
For player 2 we know that xt2 < k̄2σ = xσ2 and so the update of the sequence is governed by equation (8)
and the set S2 (xt2 ) has the structure:
 
S2 xt2 = s2 ∈ S2 : s2 (x2 ) = 0 if x2 < xt2 and s2 (x2 ) = 1 if x2 > k̄2σ .
Since the update for player 1 is governed by equation
lower extremal strategies, which are those that give player
from A1, are the strategies of player 2 that belong to S2

σ
xt−1
2 , k̄2 . Therefore, at each t ≥ 1, there is a unique
switching strategy on xt−1
2 :

(9), the relevant extremal strategies are the
1 the least incentive to play action 1. These,
xt−1
and prescribe action 1 in the interval
2
extremal strategy of player 2, which is the


t−1
,
st−1
2 (x2 ) := ŝ2 x2 ; x2

t−1

(11)

where ŝ2 ·; x2
is defined in (4).
Analogously, since the update for player 2 is governed by equation (8), the relevant extremal strategies
are the upper extremal strategies, which are those that give player 2 the least incentive to play action
0 (equivalently, the
in turn,
 most incentive to play action 1). These,t−1
 are the strategies of player 1 that
and prescribe action 0 in the interval x1 , k̄1σ . Therefore, at each t ≥ 1, there is a
belong to S1 xt−1
1
unique extremal strategy, which is the following:

σ

0 if x1 < k 1

1 if k σ < x < xt−1
1
1
1
(12)
s̄t−1
1 (x1 ) :=
0 if x1t−1 < x1 < k̄1σ



1 if k̄1σ < x1
23

We now turn to the analysis of the process of IENES. Let us define
σ̄ ≡


1
min (k 2 − k 1 ), (k 2 − k̄1 ), σ0 ,
2

where σ0 is defined in equation (10) in the proof of Lemma 2, and take 0 < σ < σ̄.
∞
∞
As long as xti < k̄iσ , for t ∈ {1, 2, 3, . . .}, the sequences {xt1 }t=0 and {xt2 }t=0 satisfy
|xt1 − xt2 | < σ

(13)

∞
σ
∞
σ
Since they are bounded from above,
points
 there exist limit
 x1 ≤ k̄1 and x2 ≤ k̄2 . t−1
t−1
t−1
t
t
By construction ∆Π1 s2 , x1 = 0 and ∆Π2 s̄1 , x2 = 0, where the strategies s2 and s̄t−1
are
1
defined in equations (11) and (12), respectively. From (13), we know that xt1 would reach k̄1σ before xt2
reaches k̄2σ .
If there exists t such that xt1 = k̄1σ , then s̄t1 = sσ1 . Thus, for x2 > k σ2 + σ, we obtain

∆Π2 s̄t1 , x2 = ∆Π2 (sσ1 , x2 )

= ∆Π̃2 (1, x2 )
and thus, xt2 = k̄2σ , which is what we sought to prove.
∞
σ
∞
σ
t
σ
If this is not the case, then
 either x1t <t k̄1 or x1 = k̄1 and x1 < k̄1 , ∀ t ∈ {1, 2, 3, . . .}. The
t−1
t
expressions for ∆Π1 s2 , x1 and ∆Π2 (s̄1 , x2 ) are as follows:





t
t
∆Π1 st−1
1 − Fσ (xt−1
| xt1 ) + ∆Π̃1 0, xt1 Fσ (xt−1
| xt1 ))
2 , x1 = ∆Π̃1 1, x1
2
2




∆Π2 s̄t1 , xt2 = ∆Π̃2 0, xt2 1 − Fσ (xt1 | xt2 ) Fσ k̄1σ | xt2 +



∆Π̃2 1, xt2 1 − 1 − Fσ (xt1 | xt2 ) Fσ k̄1σ | xt2 .

(14)


σ
t
σ
If x∞
1 < k̄1 , from equation (13), we obtain that Fσ k̄1 | x2 = 1, then expressions (14) become



t−1
t
t
∆Π1 st−1
| xt1 )) + ∆Π̃1 0, xt1 Fσ (xt−1
| xt1 )
2 , x1 = ∆Π̃1 1, x1 (1 − Fσ (x2
2




∆Π2 s̄t1 , xt2 = ∆Π̃2 0, xt2 1 − Fσ (xt1 | xt2 ) + ∆Π̃2 1, xt2 Fσ (xt1 | xt2 )
thus, the update equations (9) and (8) are now, respectively


0 = ∆Π̃1 1, xt1 (1 − Fσ (x2t−1 | xt1 )) + ∆Π̃1 0, xt1 Fσ (xt−1
| xt1 )
2



0 = ∆Π̃2 0, xt2 1 − Fσ (xt1 | xt2 ) + ∆Π̃2 1, xt2 Fσ (xt1 | xt2 ).
Then, taking limit when t → ∞ we get
∞
∞
∞
∞
∞
0 = ∆Π̃1 (1, x∞
1 ) (1 − Fσ (x2 | x1 )) + ∆Π̃1 (0, x1 ) Fσ (x2 | x1 ))

0=

∆Π̃2 (0, x∞
2 ) (1

−

Fσ (x∞
1

|

x∞
2 ))

+

∞
∆Π̃2 (1, x∞
2 ) Fσ (x1

|

x∞
2 ).

(15)
(16)

Let us now bind from below the right-hand side of equation (15). To do this, we rely on Lemma A2
in Frankel et al. (2003),31 which states that under our information structure, for all ε > 0, there exists
σ̄ > 0 such that for all 0 < σ < σ̄, we have
1 + ε > Fσ (xi | xj ) + Fσ (xj | xi ) > 1 − ε
σ
∞
Since x∞
1 < k̄1 , then ∆Π̃1 (1, x1 ) < 0, and so
∞
∞
∞
∞
∞
∆Π̃1 (1, x∞
1 ) (1 − Fσ (x2 | x1 )) > ∆Π̃1 (1, x1 ) (Fσ (x1 | x2 ) + ε) .

(17)

31 See also Lemma 4.1 in Carlsson and van Damme (1993) and the comments after Proposition 2 in Hoffmann and
Sabarwal (2019a).
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Also, ∆Π̃1 (0, x∞
1 ) > 0 and thus
∞
∞
∞
∞
∞
∆Π̃1 (0, x∞
1 ) Fσ (x2 | x1 ) > ∆Π̃1 (0, x1 ) (1 − Fσ (x1 | x2 ) − ε) .

(18)

Adding equations (17) and (18), we obtain
∞
∞
∞
∞
∞
0 = ∆Π̃1 (1, x∞
1 ) (1 − Fσ (x2 | x1 )) + ∆Π̃1 (0, x1 ) Fσ (x2 | x1 )
∞
∞
∞
∞
∞
> ∆Π̃1 (1, x∞
(19)
1 ) (Fσ (x1 | x2 ) + ε) + ∆Π̃1 (0, x1 ) (1 − Fσ (x1 | x2 ) − ε)
h
i
∞
∞
∞
∞
∞
∞
∞
∞
= ∆Π̃1 (1, x1 ) Fσ (x1 | x2 ) + ∆Π̃1 (0, x1 ) (1 − Fσ (x1 | x2 )) − ε ∆Π̃1 (0, x1 ) − ∆Π̃1 (1, x1 )

If we subtract (16) from (19), then we obtain
h
i
∞
∞
∞
∞
∞
∞
∞
0 > ∆Π̃1 (1, x∞
1 ) Fσ (x1 | x2 ) + ∆Π̃1 (0, x1 ) (1 − Fσ (x1 | x2 )) − ε ∆Π̃1 (0, x1 ) − ∆Π̃1 (1, x1 )
∞
∞
∞
∞
∞
− ∆Π̃2 (0, x∞
2 ) (1 − Fσ (x1 | x2 )) − ∆Π̃2 (1, x2 ) Fσ (x1 | x2 )
h
i
h
i
∞
∞
∞
∞
∞
∞
∞
0 > ∆Π̃1 (1, x∞
1 ) − ∆Π̃2 (1, x2 ) Fσ (x1 | x2 ) + ∆Π̃1 (0, x1 ) − ∆Π̃2 (0, x2 ) (1 − Fσ (x1 | x2 ))
i
h
(20)
∞
− ε ∆Π̃1 (0, x∞
1 ) − ∆Π̃1 (1, x1 )

Now, from Lemma 2, we have that for σ sufficiently small, the first two terms in brackets on the right∞
hand side of equation (20) are strictly positive. Thus, since Fσ (x∞
1 | x2 ) ∈ [0, 1], if ε is sufficiently small,
then we obtain a contradiction.
σ
t
σ
Thus, the only remaining option is that x∞
1 = k̄1 and x1 < k̄1 , ∀ t ∈ {1, 2, 3, . . .}. If this is the case,
from (14), then the update equations are, in general,


t−1
t
t
0 = ∆Π̃1 1, xt1 Fσ (xt1 | xt−1
2 ) + ∆Π̃1 0, x1 (1 − Fσ (x1 | x2 ))



0 = ∆Π̃2 0, xt2 1 − Fσ (xt1 | xt2 ) Fσ k̄1σ | xt2 +



∆Π̃2 1, xt2 1 − 1 − Fσ (xt1 | xt2 ) Fσ k̄1σ | xt2 .

and taking the limit when t → ∞, we obtain


σ
σ
∞
(21)
0 = ∆Π̃1 1, k̄1σ Fσ (k̄1σ | x∞
2 ) + ∆Π̃1 0, k̄1 (1 − Fσ (k̄1 | x2 ))

∞
σ
∞
σ
∞
0 = ∆Π̃2 (0, x2 ) (1 − Fσ (k̄1 | x2 ))Fσ k̄1 | x2 +
(22)


σ
∞
σ
∞
∆Π̃2 (1, x∞
.
2 ) 1 − (1 − Fσ (k̄1 | x2 ))Fσ k̄1 | x2

By definition, ∆Π̃1 1, k̄1σ = 0, and thus, from (21), we have that Fσ (k̄1σ | x∞
2 ) = 1. Substituting in (22),
∞
∞
σ
we obtain that ∆Π̃2 (1, x2 ) = 0, which in turn implies that x2 = k̄2 , which cannot be since σ < k̄2σ − k̄1σ .
We conclude then that it must be the case that there exists t such that xt1 = k̄1σ and xt2 = k̄2σ .

B.2

The N -player case

In the previous section, what we actually proved is that in the game G{1,2} (σ), there exists a finite t
such that xti = k̄iσ = kiσ (1) for both players i ∈ {1, 2}.
For the N -player case, since we will use induction on the number of players, we will assume that
in the game GN −1 (σ), there exists a finite t, such that xti = kiσ (N − 2) for all players i ∈ N − 1 :=
{1, . . . , N − 1}. We will have to prove that in a finite t, the sequences reach the limit of the upper
dominance region in GN (σ), k̄iσ = kiσ (N − 1).
To develop the proof using an inductive argument, it is first necessary to formally introduce the
notion of a reduced rame.
Definition 6 (Reduced Game). Consider an incomplete information game GN (σ), as defined in Section
3.2, and an arbitrary subset of players I ⊆ N . Let sI = (si )i∈I and s−I = (si )i∈I
/ . Conditional on s−I ,
we define the reduced game ΓI (σ | s−I ) (reduced from N players to #I players) of the original game
GN (σ) as the game with the same structure as GN (σ), in which every player not in I maintains the
strategy prescribed by the profile s−I .
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It is easy to check that if the underlying structure of GN (σ) satisfies assumptions A1, A2, A3 and A5,
then the same assumptions hold for the underlying structure
 reduced

game ΓI (σ | s−I ). Moreover,
 of the
if conditional on s−I , there exists an interval of signals λ, λ ⊆ X, X , such that for every player
i ∈ I, there exist upper and lower dominance regions (according to assumption A4), then ΓI (σ | s−I ) is a
reduced game that holds the same properties as the original game GN (σ). Moreover, note that from the
point of view of the N − 1 first players, the reduced game ΓN −1 (σ | sσN ), in which player N ’s strategy is
the switching strategy ŝN (·; xσN ), is the same game as GN −1 (σ). These facts may allow us to use results
from games with fewer players.
Recall that in sσ , each player i switches from 0 to 1 in xσi = kiσ (i − 1), and thus, the equilibrium
strategy sσi does not depend on the number of players.32 When we pass from a game with the set N
of players to a game with the set N − 1 = {1, . . . , N − 1} of players, what changes are the limits of the
upper dominance regions (they are kiσ (N − 1) in the N -player game and kiσ (N − 2) in the N − 1-player
game). Thus, in the N -player game, the switching point of player N − 1 is
σ
σ
σ
xσN −1 = kN
−1 (N − 2) 6= k̄N −1 = kN −1 (N − 1) .

In the N − 1 player game, we have
σ
σ
xσN −1 = k̄N
−1 = kN −1 (N − 2) .

We now turn to the analysis
 of the process of IENES.
N
Let us define σ̄ ≡ 21 min (k i − k i−1 )N
i=2 , (k̄i − k̄i−1 )i=2 , σ0 , where σ0 is defined in equation (10) in
the proof of Lemma 2, and take 0 < σ < σ̄.
By the definition of σ, we know that k σN −1 + σ < k σN ; then,33 ∀ i = {1, . . . , N − 1} and ∀ xi < k σN − σ,
player i’s net payoff is equal to ∆Πi s−{i,N } , sσN , xi . Thus, at least the N − 1 first rounds of elimination
of GN (σ) are equal to the N − 1 first rounds of elimination of the reduced game ΓN −1 (σ | sσN ) (see
Definition 6), a game that from the point of view of the first N − 1 players, is the game GN −1 (σ). Note
that as long as the sequences xti , i ∈ N − 1 do not reach the threshold k σN − σ, then each step of the
process in GN (σ) is equivalent to a step in GN −1 (σ). By the induction hypothesis, we know that in
σ
GN −1 (σ), xtN −1 reaches kN
−1 (N − 2) in a finite number of steps. Thus, necessarily, it must be the case
t
σ
t
that in GN (σ), xN −1 reaches k σN − σ < kN
−1 (N − 2). Let us call t̃ the step when the first sequence xi
σ
σ
t̃
reaches k N − σ (we know that xN = k N ).
Note further that as long as the sequences xti that reach k N − σ have not surpassed the corresponding
player i’s switching point, the process for the first N − 1 players is equivalent to that in game GN −1 (σ),
and for player N , nothing changes; thus, we may assume that t̃ is the step when the first sequence that
has surpassed the corresponding player’s switching point reaches k σN − σ.
At any step t of the process, we may partition the set N into two sets: one set containing those
players who have reached their equilibrium switching point and one containing those players who have
not, i.e.,


i ∈ N : xσi ≤ xt−1
and i ∈ N : xt−1
< xσi respectively.
i
i
Moreover, since the switching points are ordered and σ is small, we know that these two sets of players
consist of the l first players (those who reached their switching point) and the N − l last players (those
who have not), for some l ∈ N . By the construction of the process, player l + 1’s sequence in step t may
at most reach her switching point (and not surpass it). If this is the case, then in the next step, she will
be part of the set of players that reached their switching point (now the first l + 1 players).
Regarding the sets Si (xti ), we know that for all i ≤ l, xti ≥ x∗i , and thus, the update of the sequence
for player i is governed by equation (9), and the set Si (xti ) has the following structure:
 
Si xti = si ∈ Si : si (xi ) = 0 if xi < xσi and si (xi ) = 1 if xi ∈ (xσi , xti ) ∪ (k̄iσ , X + σ) .
For players i > l we know that xti < xσi and so the update of the sequence is governed by equation (8)
and the set Si (xti ) has the structure:
 
Si xti = si ∈ Si : si (xi ) = 0 if xi < xti and si (xi ) = 1 if xi > k̄iσ .
32 The player that is in the i-th position (player i) determines her switching point depending only on her position in the
set of players and not on how many players interact with her.
σ
σ
33 Recall that k σ
N −1 > k N −2 > . . . > k 1 .
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Let us first consider a player i > l. Since the update for these players is governed by equation (8),
the relevant extremal profiles are the upper extremal profiles, which are those that give these players
the least incentive to play action
 turn, by strategic substitutes, are the profiles ofσ the other
Q 0. These, in
players that belong to the set j6=i Sj xjt−1 that prescribe action 0 in the intervals xt−1
j , k̄j , subject
to being mutually best responses (profiles of the rivals that prescribe the most zeros, within the mutually
th
best responses). In the worst case, the component of the extremal profile s̄t−1
−i associated with the N
σ
player is the equilibrium strategy sN . If this is the case, then the update for player i is equal to the
update in the reduced game ΓN −1 (σ | sσN ). If not, then the new term xti would be greater than that
obtained in the update in the reduced game. In any case, in the original game, the sequence advances
further away from k σi than in the reduced game.
Second, let us consider a player i ≤ l. Since the update for player i ≤ l is governed by equation (9),
the relevant extremal profiles are the lower extremal profiles, which are those that give player i the least
incentive to play action
of the other players
Q1. These, in turn, by strategic substitutes, are the profiles
t−1 σ
,
k̄
, subject to being
that
prescribe
action
1
in
the
intervals
x
that belong to the set j6=i Sj xt−1
j
j
j
mutually best responses (profiles of the rivals that prescribe the most “ones” within the mutually best
t−1
responses). Nevertheless, we will see below that the component of the extremal profile s−i
associated
σ
with player N is also sN .

Indeed, suppose that the strategy of player N in an extremal profile s−i ∈ S −i xt−1 is different

t−1 σ
, k̄N [ such that strategy sN ∈ SN xt−1
in the
from sσN . That is, there exists an open interval O ⊂]xN
N
extremal profile s−i prescribes sN (xN ) = 1 for xN ∈ O. For signals less than xσN −1 , we cannot have
the N − 1 dimensional profile (1, . . . , 1) on O, as this
 profile of actions does not constitute mutually
best responses. Therefore, for every s−i ∈ S −i xt−1 , there must be a player j 6= i, such that the j-th
component of s−i prescribes action 0 in O. By anonymity, we may assume that this player is player N .
Therefore, the update for player i ≤ l in game GN (σ) is equivalent to the update in the reduced
game ΓN −1 (σ | sσN ).
We conclude that as long as at t − 1 the sequences are less than xσN −1 , the update of every player
i < N in the game GN (σ) sends the next term of the sequence, at least as far as in the update in the
reduced game ΓN −1 (σ | sσN ), which in turn, as we said above, from the point of view of every player
i < N , is the game GN −1 (σ). For player N , the updates of all the other players induce an update of
xtN > xt−1
N .
Therefore, by the induction hypothesis, for every player i < N , there must be a finite t such that xti
is equal to the lower bound of the upper dominance region in the game GN −1 (σ). That is, ∀ i < N ,
there exists t such that xti = kiσ (N − 2).
σ
Moreover, calling t̃ the step where xt̃N −1 = kN
−1 (N − 2), note that for a player i < N − 1, if
t−1
t−1
σ
σ
xi ≥ ki (N − 2) and xN −1 ≤ kN −1 (N − 2), then the update for player i in game GN (σ) is equivalent
to the update in the reduced game ΓN −1 (σ | sσN ), and thus, action 1 is strictly dominant for this player
(since player i sees at most N − 2 players taking action 1). Therefore, we can conclude that at t̃,
σ
t̃
we have xt̃N −1 = kN
−1 (N − 2), and that for every player i < N − 1, xi is in a σ-neighborhood of
σ
σ
kN −1 (N − 2) = xN −1 . Again, for player N , at each such t, the updates of all the other players induce
σ
σ
an update of xtN , and thus, we also have xt̃N in a σ-neighborhood of kN
−1 (N − 2) = xN −1 . We illustrate
this situation for the three-player case in Figure 13.
We now describe the process for t > t̃ and conclude the proof. Let us assume that for t − 1, we have34
σ
σ
xt−1
N −1 ≥ xN −1 = kN −1 (N − 2) .

We will follow the same argument described and used above. In this situation, we know that for all
players i ≤ N − 1, xt−1
≥ xσi . The update for these players is governed by equation (9), and hence, the
i
relevant extremal profiles are the lower extremal profiles, which are those that give the least incentive to
play actionQ1. These, inturn, by strategic substitutes, are the profiles of the
 other players that belong
t−1 σ
that
prescribe
action
1
in
the
intervals
x
,
k̄
to the set j6=i Sj xt−1
j , subject to being mutually
j
j
best responses.
Consider a player i ∈ {2, . . . , N − 1}. In the worst case, the component of the extremal profile st−1
−i
associated with player 1 is the equilibrium strategy sσ1 . If this is the case, then the update for player i is
equal to the update in the reduced game Γ{2,...,N } (σ | sσ1 ), which is an N − 1 player game that satisfies
34 This

is true for t − 1 = t̃.
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Player i’s action

1

0

σ
kσ
1 = x1

k̄2σ

xt̃2 = k2σ (1) = xσ
2

k̄3σ = xσ
3

xt̃3
Player 1

x

k̄1σ

xt̃1

Player 2

Player 3

Figure 13: Situation at t̃ for the three-player case.

assumptions A1 to A5. If sσ1 is not the component of the extremal profile st−1
−i associated with player
1, then the new term xti will be greater than that obtained in the update in the reduced game. In any
case, in the original game, the sequence advances further away from k σi than in the reduced game.
The update for player N is governed by equation (8). The relevant extremal profiles are the upper
extremal profiles, which are those that give less incentive to play action 0.
 by strategic
Q These, in turn,
substitutes, are the profiles of the other players that belong to the set j6=N Sj xt−1
that prescribe
j

σ
action 0 in the intervals xt−1
,
k̄
,
subject
to
being
mutually
best
responses.
We
will
see
below that
j
j
t−1
σ
the component of the extremal profile s−N associated with player 1 is s1 , as for players in the set
{2, . . . , N − 1}.

Indeed, suppose that the strategy of player 1 in an extremal profile s−N ∈ S −N xt−1 is different

t−1
σ
from sσ1 . That is, there exists an open interval O ⊂]xt−1
in the
1 , k̄1 [ such that strategy s1 ∈ S1 x1
extremal profile s−N prescribes s1 (x1 ) = 0 for x1 ∈ O. However, for signals greater than or equal to
xσN −1 , we cannot have the N − 1 dimensional profile (0, . . . , 0) on O, as this profile of actions does not
constitute mutually best responses. Therefore, for every s−N ∈ S −N xt−1 , there must be a player
j 6= N , such that the j-th component of s−N prescribes action 1 in O. By anonymity, we may assume
that this player is player 1.
We conclude that the update of every player i > 1 in the game GN (σ) sends the next term of the
sequence at least as far as in the update in the reduced game Γ{2,...,N } (σ | sσ1 ). For player 1, the updates
of all the other players induce an update of xt1 > xt−1
1 .
Therefore, by the induction hypothesis, for every player i > 1, there must be a finite t such that xti
is equal to the lower bound of the upper dominance region in the game Γ{2,...,N } (σ | sσ1 ). These lower
bounds are the exact same lower bounds of the upper dominance regions as in the game GN (σ). That
is, ∀ i > 1, there exists t, such that
xti = kiσ (N − 1) = k̄iσ .
If every player but player 1 has reached the upper dominance region, then in the next step, player 1
reaches her upper dominance region.
This completes the proof.
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